
Math Logic: Model Theory & Computability
Lecture 26

Computable functions and relations.

There are many definitions of computability and all of tem are equivalent,
which suggests thatMis is the "correct" motion capturing our intuitive

understanding of what algorithm is

Def . For REIN
,

a relation REINRH1 and a INk
/ we let M(R(, x)) demote

the last XIN such that Ra
,
x) holds if such an x exists; otherwise

we say
Ut &(R(

,
x)) is undefined

,
and write M(BK

,
x1) =

1

.

This is called the search or minimization operation.

Def . A function f : N-> IN is called computable if it is either one

of the functions in KA) or is obtained from the funties in (21

by finitely many applications of the operations (12) and 123).

((1) Primitives :

(i) addition +: /N -> IN by (4
, 3) #3 X +y.

(ii) multiplication : · : N- N by (x, 3) # X .

%. 47 if x = y
(iii) less than or equal to : 1 : /N2-> IN by ( ,4)#) 0 otherwise

live projections : for ech ick the function P : I" -IN by
(x
, x2, . . .,Xk) H Xi

(2) Composition: if g
: /N"-> IN and hi : IN"-IN for i :, ...., me

,
are caparI

table ten so is f :N-IN by g(h.(), ... , hula)).



is computable and is
V

(3) Successful search : if g : NK-> IN such that for each INK
there is xeI with gla ,

x) = 0, He a the

fration f : IN" -> IN by It Mx (g(a), x) = 0)
is computable. In this case we say that f is obtained
fromy by successful search.

We say Not a relation REN" in computable if such is its indi-
cator function Ip : IN" -> IN defined by a +e It ifRal
For example ,

I is computable byK1)(iii).

Prop .

All computable functions andelations are arithmetical
,

i
.e .

definable
in N : = ( IN

,
0

,
5
, +, ).

Proof
.

(C)(i) and (ii) are definable by definities
.
(iii) is definable by

the formula 42 (X , 3 ,
z) : = 1 < (x

, b) -> = = 1) 1(2 = (x
,y) - z = 0)

/

where = (x , 3) : = In (x + u = j) .

by # (x ,x , ...,
Xa

, y) : = (xi = 3) .

Finally KII(iv) for ink is deable

That defimble functions are closed under no-positions was shers in

HW
. As for successful search

,
if fla) : = Px/y(), X = 0) and g

is withmetical
,
i

.
e . difiable by a formula egly ,

X
,
n) the

f is definable b
,

the formula

Po(j , x) : = Yg(y ,
x

,
0)1 Fr(vex + cYg( ,

v
,
0),

There vaX stands for Gt(t + 0 1 v + t = x).

We have chosen a minimalistic definition ofcompatability 10 But

the previous proposition would be easyno preve . We will now work
towards showing that the clone of expotable functions is rich

and in particular ,
is closed under the following operation.



KL) Primitive recursion : For REIN and functions g : INK-> IN
,
h : /Nk+- IN,

Matefunctionfobtired from y see
1fa= gat

,
n

,
f(a

,
n)

We will speed the next two techies proving the following :

Theorem. The class of waputable factions is closed under primitive
recursion

,
i

.
e. if g ,

b as above computable and f is obtained

from g,h by primitive recursion
,
then f is computable.

Example. The Inction : N-IN is obtained from the constant
n -> 24

function 1 and multiplication by 2 primitive recursion :

(20
= 1 = g

24
+1

= 2 . 2" = h(n
,
24)

more precisely ,
here

g :No-IN by OI1 ar h.N
In

, y) 15 2 .

y.
We will quickly show below hot g and h are reputable,
so theHeorem above will give us what n-> 2" in also computable.

Prop .

(a) The relations = and = are computable.
Proof. Note that xy iff yex and to

&

use projections : 1s (x , x2) = 1 /Xa ,
XI) teiPa

lastly ,
note that 1

=

(x
,
xc) = 1

-
(x , x 2) · #2 (x ,, xc) A



(6) Constant functions are couptable ,
i

. e , for each make ,
the faction

Ch : IN -> IN
, given by a it m

,
is computable.

Proof
.
We prome by induction on m that for all beIN

,
(im is computable.

> k+1
Base : m = 0. (() = M(Pa ,

x) = 0)
,

so g = 1
k + 1 -

Step : m = mel
. Suppose Cim : /NP-IN is computable for all CIN.

Note that x< y if
x A y if 1y (X , 3) = 0

.

Thus
,

(*m
+,
(a) = (x((((x) = Mx(Ax((()

, x) = 0) =

=&(12("(a,
x)

,
Pu(a , x)) = 0) .

8

(2) The successor function 3 : NN-IN by misuel is computable.
Proof. ((x) = x + 1 = x + ((x) = P , (x) + C

, (x) .

[

(d) The set of reputable relations is a Boolean algebra ,
i

.
e

.

is closed
under complements and finite intersections / here also finite unious).

Proof. If R
,,REINK dre computable Kany relations

,
i. e. Am,

art ARn are resputable functions
,

then the indicator function

↑ Rep =

(a) = 1p
,

kat · Aptit is computable .

If R > IN" is a computable relation
,

i
.

e . Ap is computable,
the"

Rat fails iff 1r(c) = 0

iff Ap(z) = (o(a)
,

10 NPR in computable by (. d



(e) Computable functions are closed under accessful search applied to any compa-
table relation

,
j

. e
.

if REINK+
is a computable relation such that for

each a EIN" Where is x EIN such that Pla ,
x) holds

, then the function

f : NP-I given by i It Mx (R( , x) in computable.

Proof. Denote - R : = NLR
. There

f(a)) = M(R(a ,x)) = M (1p(,
y = 1) = Mx(A

- R(, x) = 0)
.

e

Ht) Computable functions are closed under definitions by cases
,
i

.
e

.
If f, ...,

fi :

IN-> IN are computable functions and Rs
,
Ry
,...,

Rm = IN are

computable relations that form a partition of INK
,
then the

function F : INK-> IN defined by
f

,
(a) if Rila) holds

+ Flat if Recall holds
·I fula) if Rule) holds

in computable.
Proof

.
Left as HW. f


